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Annomayus. AKTyambHOCTb PabOThI OOYCIIOBJICHA JOKA3aTEIbCTBOM KOPPEKTHOCTH 3a/1a4yd
COTPSKEHUS JJIsl TICEBAO-TUIMEPOOIIMYECKOTO YpaBHEHHUS YETBEPTOrO TMOPSJKa C pPa3pbIBHBIMU
kodpdunmenramu. B nanHo#l paboTe MCMONB30BaHBI METOABI (QYHKIMH [pUHA W WHTErpaibHbBIX
ypaBHeHHﬁ, C MOMOMIBIO KOTOPBIX JOKa3aHa CYIICCTBOBAHUA W CAWMHCTBCHHOCTH PCHICHUSA HepBOﬁ
KpaeBo 3aja4Ml I IICEBIO-TUNIEPOOTUISCKOTO ypPAaBHEHHUS YETBEPTOrO IOPSAKA B YaCTHBIX
Mpou3BOAHBIX. [lomydeHHBIE pe3ynbTaTbl MOXKHO TMPUMEHSATh B OOYYEHHH CTYIEHTOB U
MarucTpaHTOB MaTeMaTHYECKUX CIIEIUATbHOCTEH.

Abstract. The relevance of the study is justified by proving the correctness of the conjugation
problem for a pseudo-hyperbolic fourth-order equation with discontinuous coefficients. In this
work, the methods of Green's function and integral equations are employed to demonstrate the
existence and uniqueness of solutions for the first boundary value problem of the pseudo-hyperbolic
fourth-order partial differential equation. The obtained results can be applied in the education of
students and graduate students in mathematical disciplines.

Kniouesvie cnosa: xpaeBble 3ajaud, CYyIIECTBOBAaHUE, €IUHCTBEHHOCTh, (yHKuus [puHa,
MICEBA0-TUNEPOOINUECKOE YpaBHEHNE, HHTETpalIbHbIE YpaBHEHHUE.

Keywords: boundary value problems, existence, uniqueness, Green's function, pseudo-
hyperbolic equation, integral equations.
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3amaun conpspKeHUs Uil AU QepeHInaTbHbIX ypaBHEHUH YaCTHBIX TPOU3BOIHBIX HIPAIOT
BOXHYIO POJb B TEOPUU W TPAKTHKE MOJACITMPOBAHUS CIOXKHBIX IPOIECCOB. B dYacTHOCTH,
WCCIICIOBAHNUE 3a7a4d COMPSDKCHUS JUIS TICEBIO-TUIEPOONMUYECKUX YPAaBHEHHUN C Pa3phIBHBIMH
ko3 uIreHTaMH WMEET BaXKHOEC 3HAYCHHE JJIsi OINUCAHUs TPOIECCOB, XapaKTEPHU3YIOUIUXCS
PE3KMMHU HW3MEHEHUSIMH TapaMEeTpOB B PA3JIMYHBIX 00JacTsAX. Takue ypaBHEHUS HaXOMIST
NPUMEHCHHE B MeEXaHUKe, (U3MKe, WH)XCHEPHBIX HayKaX M MHOTHX JPYIHX 00JjacTsx, rie
BCTPCHAIOTCA HCOAHOPOAHBIC CPCAbl C PA3JIMYHBIMU q)HSI/I‘-IeCKI/IMI/I CBOﬁCTBaMH, a TAaKXXC I'paHUIIbL
paszzena, Ha KOTOPBIX MPOUCXOIAT CKauyKu K03 PHUIIHEHTOB.

B 4yacTtHOCTH, YHCIIEHHBIE pEIICHHE KPAeBBIX 3alad ISl THUIEPOOIMYECKOTO ypaBHEHHUS
YEeTBEPTOrO TOpsiKa M 0030p METOmoB pemeHus audQepeHInaIbHbIX YpPaBHEHUH YaCTHBIX

MIPOU3BOJHBIX C MCHOJIB30BAaHUEM sI3bIKa MporpammupoBanusi Python paccmorpens! B paborax |[3,
4].

Mamepuan u memoowl ucciedo8anus
B o6macru D ={(x,t):-¢,<x</¢,0<t<h} (¢,¢,,h>0) paccmorpum rmceBno-
rUIepOOIMYECKOe YPaBHEHHE YETBEPTOTO MOPSIKA C Pa3phIBHBIMH KOA(PQPHUIMEHTAMH HA JTHHHU
x=0:
a’u, — U, +b (x,t)u, +c (x,t)u = f.(x,t),(x,t) e D,(i =1,2), 1)

e a =const,b.(x,t),c.(x,t), f.(x,t)(i=12) — 3aJJaHHbBIE GyHKIUH, a
D,=Dn(x>0),D,=Dn(x<0).
3adaua 1. Haittn gyrxumo U(x,t) € C(D) NC*(D), yrosnersopstomyio ypapHernto (1) B

obnactsix D, (1 =1,2), kxpaeBbiM 1 Ha4aIbHBIM YCIOBUSIM

u(?,,t) = g (t),u(-¢,,t) = ,(t),0<t <h, (2)
u(x,0) = w1 (X), U (X, 0) =y, (X), U (X, 0) = y5(X),0 < x < £, (3)
u(x,0) = l//4(X),Ut(X,O) = l,//5(X),Utt(X, 0) = WG(X)’_Ez <x<0, (4)

e ¢, (1), w;(X)([=12; ] :]TG) 3a/IaHHbIE (PYHKIMH, TIPUYEM

(91(0) = Wl(gl)’ ?, 0)= ¥, (—Zz), (91,(0) =V, (Kl)i ()
9,(0) = w5 (=1,).¥1(0) =w,(0) = 0,y4(0) = w4 (0),
v,(0) =w5(0),w5(0) = ¢ (0).
13 nocranoBku 3amaud 1 3akmodaem, uto Ha juHud X =0 BBINONHAKOTCA CiexyromIue
yenosust conpsokennst: U(+0,t) =u(-0,t) = z(t),u, (+0,t) =u, (-0,t) = v(t),0<t <h, z(t),v(t)—

MIOKa HEU3BECTHBIE (DYHKIUH.
Pemenune 3aaun | MOKHO CBECTH K PEIICHUIO JIByX BCIIOMOTaTENIbHBIX 33]1a4.

3anaua 2. Haittu pynkmmo U(X,t) € C(El), YIOBJICTBOPSIOIIYIO YPABHEHHIO
a’u, . —U. +b (x,t)u, +c, (x,t)u = f(x,t),(x,t) e D,, (6)

HayaJIbHBIM yCJIOBHM (3) U KpaeBbIM YCIIOBUSAM
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u, (0,t) = v(t),u(¢,,t) = ¢, (t),0<t <h, (7)
[Tpuuem
v(0) =1(0), 9[(0) =5 (£,). (8)

3anaua 3. Haittu pynxumuio U(X,t) € C(HZ), YVIAOBJIETBOPSIONIYIO YPABHEHUIO

alu, . — U, +b,(x,)u, +c,(x,t)u = f,(x,1),(x,t) e D,, (9)

HAYAIBHBIM YCIOBUAM (4) H KPACBBIM YCIIOBHSM
u(-t,,t) =, (t),u(0,t) = z(t),0<t <h, (10)

npudem
?5(0) =ws(=(,),¢,(0) =7(0) =0. (11)

Cuavana paccmMoTpuM 3amadqy 2. J[Baxmsl unterpupys ypasuenue (6) mo tor 0 mo t u
YUUTBIBasi HAYaJIbHbIE yCII0BUs (3) uMeeM:

- . (12)
87U, —U, =B, (U, t) = [ (x mux m)dn + £ (x,1),

rac

¢, (x,17) = =2by, (x,7) + (t = )[c,(x,77) + by, (X, )],
f, (x,17) = [a7w; (X) —w5(X) + by (x.0)y, (x) — by, (X, 0)y, ()]t +

+aly () =y, () = by (%, )y, () + [ (=) f,(x, ) d .

Pemas cmemannyro 3anauy Uit ypaBHeHus (12) ¢ kpaeBbIMU yclnoBUSAMHU (7) U HayaJlbHBIM
yenosuem U(X,0) =y, (X), yOexmaemes B ToM, uto  U(X,t) sBisieTcst penieHneM MHTErpanbHOTo

ypaBHEHHUS

2 | 2| (13)
u(xt) ==a; [ G,(x,t;0,mv(m)dn —a} [ G,.(x.t; £, ), ()dy +

[ G (L E O (E)E - [dn[ G, (L Em (€ mde +
+[dn[ G, (x G EmMb(E Mu(E e +

+[dn [[6, (& m)dn, i (€ mu(E,mde,

G(xt;&,n)= i [U(x,t;4nl, + &, n)+U (X, t;4n0, = &, ) —U (X, t;4nl, + 20, + &, 1) —
(¢

r'H N=—o0
-U(x,t;4nl, +20, - &,1)]-

¢bynkuus ['puHa cMelaHHOM 3a/1auu A1 ypaBHEHUS TeIUIONpoBOAHOCTH [1], a
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S S B ol N

0 <.
Ilycts

©,(x,1) = [ G, (x t:£,0), ()dE — a2 [ Gy, (x,ti ,, 1) (7)o -
[dn[e,(ten € mde

K, (6, 6:€,m) = ¢ (&m) [ G, (6 t:€,m)dm, +b,(E,m)G, (X, t:€,7m).
Torna ypaBuenus (13) 3anuiercs B Buje

t t 4 (14)
u(x,t) =, (1)=& [ G, (X, ;0,mv(m)dn + [dn [ K,(x,t: £, mu(&, m)d <,

Vpasuenue (14) MOXKHO paccMarTpuMBaTh Kak MHTEIPaJbHOE ypaBHEHHME THIa Bosbrepa
BTOpOro pona orHocurensHo U(X,t). IosTomy, obpammas uHTerpanbHoe ypapHenue (14) Broporo
pona orrocurenbHo U(X,t), Oynem nmers:

: (15)
u(x,t) = @, () + [ H,(x tm)v(p)dn,

rac

D,(x1) =®,(61) + [dn [ R (X6 &, m),(£m)dE,

H,(x,ti7) = &/G(x,t;0,7) =& [ d&[ G, (&30, mR (x,t: €, ),

R, (X,t;&,77) - pesonbenta siapa K (x,t,&,7).

IMTomaras X=0 B (15), monyuaem coorromenue mexay 7(t) m v(t), npunecennsie u3s
obmactu D, :

; (16)
7(t) = @,(0,t) + [ H, (0,t;7)v ().

Janee nepexonuM K BcriomorarenbHoW 3anade 3. Kak u B 3ajaue 2, HHTETpUpysl ypaBHEHUS
(9) mBaxkapi o tor 0 10 t ¥ ¢ yueToM HaYAIBHBIX YCIIOBHIA (4), HMEEM:

(17)

2

QU — Uy = =0, (X, 1)u(x, 1) - jCZ(X, mu(x,m)dn + f, (x.1),

rac
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C,(X,77) = =2b,, (X,7) + (t =) [C, (X, 7 + by, (X, 7],
£ (x,1) = [8207200 = 7 (X) + By (%, 0w, (0Tt +

2..n

+a375 (%)~ (x) b, (4. 0y, (X) = [ (=) F,(x, )l

Pemass mepByto kpaeByro 3amady it ypaBHeHuss (17) ¢ HayaJdbHBIM  yCIIOBHUEM
u(x,0) =, (X) u kpaesimu ycaosusimu U(—,,t) = @, (t),u(0,t) = z(t),0 <t < h, umeem [2]:

! f (18)
u(x,t) =a, _[Glf (Xt =, m) e, (n)dn —a, IGM(X,I;O,U)T(U)C{T} +
0 0

+ [ G &0 (D)dE - [dn [ G GEN T (& mdE +

—£, —£,

+jd771 ]1 Gl(x,t;f,nl)TCE(é,n)U(ﬁ,ﬂ)dﬂ+

—ly 0

+dn [ Gt mb, (& mu(& mds,

,’62
rae

+00

G (xt:&m) = D [Uxt2nl, +&,n)-U(xt2n0, - &,1)] -

N=—o0

Oyukuus ['prHa nepBoii KpaeBoii 3a/1a4u AJi1 ypaBHEHHUS TEIUIONPOBOIHOCTH, a

ﬂ},t >77’

1
U(xt;&n)= 2\/7ra22(t—77) exp{ 4a; (t—1)

0, t<n.
IIycts

<D3(X,t)=azszl;(X,t:—fz,n)coz(n)dn+ j G, (x,t;&,0)y,(5)dS -

7’62

_jdﬂ I G, (x,t;&,m) f, (£,m)d¢,

,fz

t

K, (%,6:€1) =6 (&) [ G (X.t: €, )drg, +10, (&) G, (X,6:€,1p).
7

Torna ypaBHenus (18) 3anumercs B Buze

t t 0 (29)
u(x,t) = D4(x,t) = a2 [ Gy, (1,0, r(m)dn + [ [ K,(xt:Em)u(&,n)dé.

_fz

O6pamas ypasuenue (19) ornocurensno U(X,t) Gynem nmers
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t (20)
u(x,t) =, (x,t) + [ H, (x tim)z(m)dn,

rue

D, (%,1) = Dy (1) + [d7 [ R, (x,6:€,m)Dy(£,7)dE,

H, (%, t7) = aiGy, (x,t;0,7) = a; [ &[Gy, (&,m:0,mR (X t;&,m)dr,

—£, n

R,(X,t;&,17) — pesonbsenta supa K, (x,t;,&,77).

n
B cuity Toro, uro 7(0) =0, pynkuuro 7(77) moskHO npencTaButh B Buje 7(77) = IT'(S)dS.

0
Torma cootnomenue (20) 3anuIIeTcs B BUJIE

¢ (21)
u(x,t) = @, (x,t) + j | (x,t;7)7'(s)ds,

rae

t (22)
1(x.tim) = [H,(x t:p)dn.

®ynxmmo Gy, (X,t;0,77) npencrasum B Buse
X i x° (23)
G (X,1;0,77) = 7 EXp ARt + R (X, t;m),

nral(t-n)2 L TRV

3

n;:o 2\/_3 (t 77)2 L 43.22(t—77)

Toraa ¢pynkumio (22) ¢ yueroM npezacraieHus (23) MOXXHO 3arucarb B BUE

+00 _ B _ 2
e PX,t7) = Z x—2In, exp _(x=2In7,) }

X 24
2a,:ft=s (24)

1(x,t;8) = T f e do+ 1, (x,t;s),

me 1,(X,;8) = jP(x,t,mdn a jdnj drsjelg (&m0,mR(6t:&,m,)d

s ~£, n
Juddeperuupys mo X coornomrenue (21), sarem monaras X =0 u ¢ yueTom npeacrapieHus

(24) Gynem umeTh GyHKIMOHANBHOE cooTHOmEeHne Mexay Gpynkuusmu 7(t) uv(t), npunecennsie
u3 obmactu D, :

(25)

V(t) = O (1) + J’I () ds+j 1. (x,t;5)7'(s)ds,
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rie O, (1) =D, (0,1).

Uckmouas v(t) u3 (16) u (25), nonyunm unrerpo-mupepeHnnaibHoe ypaBHEHHE

7'(s)ds (26)

\/ﬂf

+j Hl(oitiﬁ)dﬂf 1,,(0,7;5)7'(5)ds,

7(t) = D (t) r— jH (0,t;7)dn j

t

me @4 (t) =, (0,1) + [ H,(0,t;7)@4 (7)dn.
0

Hudbdepenunpys ypaBuenue (26) 6yaem umeThb

¢ (27)
7'(t) =@, (1) + [H(t,5)7'(s)ds,

IpILS
H, (t,77)d7
O, (t) =
© a1 (a1+a)\/7z(77 s)

!aiazgjfi 5)37(:(178);5) T az !Hﬁ(t,n)llx(om;s)dn_
I 2,8,0\t s

(8, +a,)\/7(1-5) Ha,

O6pamas ypasuenue (27), naitnem 7'(t) u Tem camum u3 25 gynxumio v(t).

Torma o hopmynam (15) u (20) onpenenum perieHus BCIOMOrareIbHbIX 3aaa4 2 u 3.
Taxkum 06pa3om, 1oka3zaHa

Teopema 1. ITycTts

v, (X),p,(X) CZ[O,fl],l//4(X), ws(X) € CZ[—ZZ,O],
y5(x) € C[0, £, ], w5 (x) € C[/,,0], (1), 0, (t) € C'[O, ],
c.(x 1), f.(x,t),b.(x,t),b. (x,t)eC(D,)(i=12)

* i
u BemonHstoTes ycnoBus (5), (8) u (11). Torma pemenune 3amaun | cymiecTByeT u
€IMHCTBEHHO.

(0,s+(t—s)0,s)do.

3axnouenue
MertonoM ¢yHKIMM [pUHAa W MHTErpajibHBIX YpaBHEHUI Jl0Ka3aHbl CYLIECTBOBAaHUE W
€MHCTBEHHOCTh PEIICHNUN 3a1a4u 2 U 3, U TEM CaMHUM YCTaHOBJIEHBI CIIPABEIIMBOCTh TEOPEMBHI 1.
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